Macro prelim solutions - June 2016

Disclaimer: These are unofficial solutions, they might have errors and be incomplete. Your comments
and corrections are welcome.

Question 1 (Corbae)

This solution was written together with Fu Tan.

(a) The planner’s problem is given by:
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To solve the steady state allocations to the social planner’s problem (SPP), write down the Lagrangian
and take first order conditions (F.0.C) with respect to ¢, ¢!, chi1ne, and Koy for t > 1.
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1By Anton Babkin. This version: July 30, 2016.



Let C; be the aggregate consumption, i.e. C; = c?l +ct. Then generation ’s consumption when young
and old are just constant fraction of aggregate consumption, i.e. cfl = %Ct and ¢! = ﬁct in the
optimal allocation.

As aggregate consumption is constant over time in steady state, consumption when young or old should

be the same for any generations in steady state, i.e. ¢! =° and ¢! = &Y, which implies Fx (K3, n®?) =

1 S5
K\
« (np ) =1.

We can solve the optimal steady state aggregate capital and labor by solving the following systems of
equations
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The households’ problem for the initial old is trivial.
Generation ¢t > 1 households’ problem are,
max Incl — zn? +Blnct,
C:ZO,c:Jrle,st >0 2 +
s.t. e+ sy =wi(1—7)ne + Ty (9)
i1 = Ripise + miga (10)

To solve generation ¢ > 1 households’ problem, write down the Lagrangian with A; and u; as multipliers
on (9) and (10) and take F.O.Cs with respect to ¢, i, |, n;, and kj ;2
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Plugging (11) and (12) into (14) gives you the inter-temporal Euler equation,

C§+1
Ci = Ry18 (15)

2We first omit the multipliers on the boundary conditions on kf 41 and then check whether households may choose corner
solution of capital holding in the equilibrium.



Plugging (11) into (13) gives you the intra-temporal Euler equation,
yekng = wi(1 — 71) (16)

To solve for the labor supply policy function, we first consolidate (9) and (10) to obtain the life-time
budget constraint?,
Ripich + ciy = Reprweng + Rep1 (Ty — reweng) + mp (17)

Then by using the Euler equations (15) and the life-time budget constraint (17), we can solve consumption
when young:
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Using (16) and (18), we can solve the optimal labor supply:
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From now on, we assume profits are zero. The optimal decision rule for labor supply becomes:
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We take partial derivative of the optimal labor supply with respect to wages:
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As the optimal labor supply increases in wages, the labor supply policy function is upward sloping in
wages.

(¢) Firms’ problem is to maximize profits each period.

max Ht = F(Kt,Lt) - ’l,UtLt - Rth
Ky, Ly

Firms’ first order conditions with respect to labor and capital yield labor demand and capital demand
wy = Fr(K{, L) = (1 — a)(K{)* (L)~ (23)
Ry = Fi(K{, L{) = a(K{)* (L)' (24)

With constant return to scale in the production function, firms earn zero profits at the optimal, i.e.
I, = F(K{, LY) — w L — RyKe = 0.

3Note that young households take transfers and rebate given. In households’ problem, we do not take market clearing
conditions into account.



(d) Market clearing conditions for the final consumption good, capital, and labor are for all ¢,

Demand = Supply
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Lt = Nt (27)

An equilibrium is a sequence
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(3) The firm maximizes profits: given (wf,ry), K; and L} for all t > 1 solve

I} = max KPL ™ —w/L, —r;K,
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(4) Markets clear: for all ¢,
e s = F(K L)
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(5) Government budget constraint holds: T} = Tpwsng.

(e) Using the Euler equations (15) and the expression for consumption when young (18), we can solve
consumption when old: when old,

Bripiweng
C§+1(wta Ti41) = W (28)

By the second-period budget constraint (10), the optimal saving is a function of wage and labor supply

when young
Bwing

Using (27), (21) and the government budget constraint, we can solve the equilibrium labor:
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The market clearing condition for capital (26) at time ¢+ 1 and the optimal decision rule for saving (29)

give
Kt+1 = St (31)
= mwtnt
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where the third line is derived by substituting w; and L, with (23) and (30).

The law of motion for capital is shown in Figure e. The Ky11(K}) curve cross the 45-degree line twice.
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Figure 1: Law of motion for capital

There are two steady states:
K =0 (33)

(1- Tt)7(1 + 5)]% [(11—+aﬁ)5] =

K3 = [ (34)

(f) Allocations in the steady state competitive equilibrium are not the same as those in the planner’s problem

when a < B The government can set the labor income tax 7 =1 — [ggtg;

1+28°
planner’s solution.

}m to implement the



Question 2 (Seshadri)
1. Bellman equation:
V(k,A) = max Inc+bln(1 1) + BEV (K, A)

st. c+ kK = Ak

2.
roc [ : L= a);‘”“al_a = fl (35)
FOC [i] - % — BEVA(K, A') (36)
ENV [k] : Vi(k, A) = adke T (37)

C

Combine (36) and (37) for Euler equation:
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3. Guess value function to be V(k,A) = D + Elnk + Fln A, and capital policy function to be k' =
GAE®I'~®, ie. save costant fraction of output. No guess for labor policy function, we are going to
derive it. Alternatively, make a guess that labor supply is a constant.

ENV [k]:
“ E  aAke it

k- (1-G)Akelt-«
Solve for G = ap.

FOC [I] becomes:
(1—-a)Ak~l—= b

(1—G)Akat = 1]

This can be solved for [ =1 — b(l}i(é;fl)fa =1- b(li(ig)(’fl)ia, so it is a constant. Let’s call it L.
FOC [k']:
1 _5 E
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This simplifies to F = ﬁ = ﬁ

Now turn back to the Bellman equation:

D+ FElnk+ FlnA=maxInc+bln(l1 —1) +BE(D + Elnk’ + Fln A")

c,k’,l

Under our guess, optimal policy | = L and k' = GAk*I'~®. Also remember that expectation here is
conditional on A, so ElIn A’ = E[pln A + ¢] = pln A. Bellman equation becomes

D+ Elnk+FInA=In((1-G)Ak“L*"*) +bln(1 — L) + BD + BEIn(GAK*L*~*) + Fpln A
Group terms together to apply method of undetermined coefficients:

D+Elnk+FIn A =In((1-G)L'™*)+bIn(1—-L)+BD+BE In(GL'~*)+(a+aBE) In k+(1+BE+Fp)In A



Now we can write three equations that can be solved for remaining unknown coefficients E, F' and D.
(We actually already found E, so this is a double-check).

D=In((1-G) L") +bln(1 - L)+ 3D + BEIn(GL'™)
E=a+afE
F=1+BE+Fp

It is easy to solve for £ = T and F = u—;»(lm' D is a mess, and I did not finish it: it is not
interesting as long as it does not depend on p.
To conclude, the value function and policy functions are
VA =Dt — mk+— 1 A
1—ag T A= pA—aB)
__ b1-ap)
bl—af)+1—-a
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c=(1-aB)Ak“L"

l=L=1

4. Turns out that p only positively affects sensitivity of the value function to A and does not affect policy
functions.

Value function is a present discounted value of all future utilities. When there is a positive A shock,
production, consumption and savings will all go up and current utility will go up. If p is high, positive
shock will persist into the future, positively affecting consumption and utility in future periods, so
effect on the value function will be high. But if the positive shock decays quickly (low p), positive
effect of A on V' will be weaker. Analogously one can exaplain a negative shock.

And I don’t have good intuition for why k and | are independent of rho.

Question 3 (Seshadri)

(a) Endogenous state variables: ki, s;_1, exogenous state A, choice ¢y, s¢, l;.

Bellman equation:

Vi (ky, 51, Ay) = max u(cy) + BV (Kig1, S, Aig1)

Ct,St,lt
s.t. ¢t + 8¢ = AtF(kt, lt)
ki1 = (1 —0)kt +5i1
Nothing is said in the problem about constraints on labor supply [;. Since it does not enter utility

function, optimal allocation of labor is in on the upper bound of feasibility set. I will not consider it in
the rest of the problem.

Technology parameter A; does not play any role either, but it’s included to accomodate any deterministic
process.

(b) Rewrite Bellman equation with constraints plugged in.

Vi(ke, si-1, A1) = H}anU(AtF(kt,lt) —5¢) + BV((A =)kt + se—1, 8¢, Ary1)

FOC [s4] : v/ (ct) = BVa(kit1, Sty Arg1) (38)
ENV [s¢—1] : Va(ke, se-1, Ae) = BVi(kigr, se, Agr) (39)
ENV [k] : Vi(ke, sp—1, Ar) = ' (c) A Fi (ke 1) 4+ B(1 — 8) Vi (kg S, Avgr) (40)



(¢) Substitute V5 in (38) from (39):

u'(cr) = B*Vi(kigo, Si41, Arga)

Update (40) two periods forward and multiply by 82
52‘/1(/?::+1, St41, Atg2) = 62u1(0t+1)At+2F1(kt+27 liy2) + 53(1 = 6)Vi(kiy3, St42, Arrs)
Combine two equations into an Euler equation:

u'(ct) =B - 5)“’(Ct+1) + ﬁQUl(Ct+2)At+2Fl(k‘t+27 lt42)

The RHS has two terms. The second term has standard interpretation: marginal utility of giving up
consumption now should be equal to the present value of marginal utility of having more capital, and
hence output and consumption, two periods from now.

Now for the first term. As we save a little more in ¢, we’ll have a bit more capital in ¢ + 2. This in turn
means that we’ll have a bit more times (1 — J) capital in £ 4+ 3. This means, we can save that much less
in ¢ + 1 and enjoy higher consumtion.

Question 4 (Williams)

(a)

Price is a function of exogenous aggregate states X and S, p(S, X3).

Recursive problem:

Vat, St, Xt) = max U(Cy, Xy) + BEs, ., [V (ats1, Sty1, Xer1)[St]

Ct,atq1
s.t. Cr + prasp1 = (pe + St)ay
Xt+1 = F(Xt7 Sta St+1)

We want to solve an original sequential problem, but under certain standard assumptions the Principle of
optimality holds which guarantees that solution of the recursive problem also solves sequential problem.
We would usually also allow additional stronger assumptions under which solution to the recursive
problem is unique, and Principle of optimality holds too.

We did not spend much time on stochastic dynamic programming in class. The theory is presented, for
example, in Chapter 9 of Stokey, Lucas, Prescott.

Plug in constraints:

Vi(ag, S¢, Xi) = max U((pe + Se)ay — pragy1, Xi) + BEs, ., [V (aes1, Sey1, F(X, St, Seq1))|S]

at41
Deriving optimality conditions:

FOClas41] : peUi(Cy, Xt) = BEs, , [Vi(ass1, Set1, Xe41)] 5]
ENV{a] : Vi(at, St, X¢) = (pe + St)Ur(Cy, Xt)

Combine for a standard asset pricing Euler equation:
peU1(Cy, Xy) = BEs, ., [(De+1 + Se41) U1 (Cog1, Xiog1)|Se]

Recursive competitive equilibrium is a set of value function V(a, S, X), policy functions d'(a, S, X),
C(a, S, X) and price function p(S, X), such that

e V', ' and C solve recursive problem of the representative agent taking price funcion p as given,
e Markets clear: a =1, C = S.
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Rearrange the Euler equation and use goods market clearing:

Ur(Si+1, Xit1)

Pt = BESt+1[ Ul(Stht)

(Pt41 + Se1)| 5]

Iterating this equation forward and rulling out bubble solutions, can obtain a standard asset pricing
equation:

Ui (St4i, Xt4i)
(kS kRt w22 SR B
E B U2 (Si, X,) 13| St]

(Stti,Xtti)

where m;; = ﬂiUlUl(W is known as the stochastic discount factor. This equation states that

the current price of the asset must be equal to the sum of all future dividend flows from that asset,
appropriatelly discounted.

Once we have the asset pricing formula, we can use it to price any general claim, including a risk-free

bond:
Ur(Se41, Xet1)

= pE
o= s e X

St]

Risk-free gross interest rate is Ry = 1/¢;. It will be higher if dividends are expected to rise, and lower
otherwise.

Now Uy (C, X) = C—

qt = PE

Sir1) "
(5)
— e e
= BE[e~ 797701
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where the last equality uses expectation of lognormal random variable.
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R=p"1te19~
Expectation of a product of dependent random variables:
E(miy1, Ry ) = E(mug1)E(RE ) + Cov(mug, Ry )

Definition of correlation coefficient:

Cov(myy1, Ry )

o(mi1)o(Riyq)

corr(myq1, Ri 1) =

USiI’lg E(mt+17 R?—&-l) = Oa
E(me1)E(RY, ) = —corr(meyr, Riyq)o(mer)o (R, )
Then the Sharpe ratio is:

E(Rfy1)
J(Rerl)

a(mit1)

= —CO’I“’F(’rTLt_|_17 R§+1)m

O’(7nt+1)

Since correlation coefficient is bounded in [—1, 1], the maximal Sharpe ratio equals E(mii)



(f)

7202

We derived in part (d) that E(myyq) = e 7972

Application of a special case of the expectation of a product formula yields:

Var[miya] = Elmi ] — (B[my1])?

= B[(e 77772 — (G0t )

= B2E[e~219-27ve1] — ﬂ2e—279+7202

’Y2<72
2

_ 2 2 _ 2 2
— 526 2vg+2v°0° _ BQE 2vg+~° o

- /526—2W+v202 (67202 —1)

202
U(mt-H) — ﬂefwjmT(e’y%Q . 1)1/2

So the maximal Sharpe ratio is (e'Yzf"2 —1)Y2. This expression demonstrates that higher return on

risky asset (like equity), normalized by standard deviation, requires higher risk aversion, parametrized
by . Empirical estimates of similar relationships conclude that observed stock returns would be only
justified by extremely high risk aversion (high <), much higher than predicted by micro-level studies.
This constitutes the equity premium puzzle.

Now U;(C,X) =C77 X1,

Sen Xerd

= Blexp(si41 — s¢)) 7 (exp(aisr — 24))' 7

= Bexp(—yg — yvi1) exp((1 — 7)(1 — @) (T — 2¢) + (1 — V) A(z4)ves1)
= Bexp((1 =7)(1 = 9)(@ — x1) —vg + (1 — V)A(@e) — V)ves1)

mi41 = 5

So myr1 ~InN((1 —v)(1 = ¢)(Z — z;) — vg, (1 — Y)A(z;) — 7)?0?), conditional on X;.

Then
(1 =) A(wy) — 7)20?
2

E[mia] = Bexp((1 =) (1 = ¢)(7 — 21) =79 + )

The gross risk-free rate is Ry = 1/E[m11].
And
E[miyy] = 6% exp(2(1 = 7)(1 = 9)(@ — z¢) — 27 +2((1 = 7)A(ze) — 7)?0?)

So using the same formula for covariance,

Var[mg] = 52 exp (2(1 = 7)(1 = 6)(z — 2¢) — 279 + (1 = N)A(z:) = 7)*0?) (exp(((1 = 1)A(xe) —7)%07) —

Finally, the maximal Sharpe ratio is now (exp(((1 —7)\(@¢) —7)%0?) — 1) V2 Comparing with the
result of part (e), we can see that if levels of function A(x) are sufficiently high, we don’t need v to
be as high as in (e) to match observed levels of the Sharpe ratio. Intuitively it means that preference
parameter X should be sufficiently correlated with the dividend S, i.e. agents utility is exogenouosly
higher when economy is booming.

Since we don’t need high levels of v anymore, both equity premium and risk-free rate puzzle can be
resolved. Risk-aversion can be more in line with evidence from micro studies (equity premium puzzle).
And marginal rate of intertemporal substitution (another role played by 7 in the CRRA utility) can be
lower, so risk-free rates don’t need to be too high (risk-free rate puzzle).
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Question 5 (Atalay)

(a)
¥ A R—1 l—a/p/\a ’
V( ’k,¢)zﬂ}3 R AT K)Y = (K = k)= k- Lyzw
+RTE AV (AL E,0)+ (1 =NV (A, K1)
(b)
¥ R_l IAYe% /
V(A,Az,d)):rnza}x R AR —A-(F—2)—¢-f-A-z- 1,2y
+RIE [Af/ (A", A2',0) + (1 - \)V (4, A2’ 1)
So
V (A, z ) R-1,,,
szj’x = (Z/) _(Z/_z)_¢.f.z.1z7éz,
1 A 1 A
71E = roA - _ Il
e[ (. A0) + Loy (1. 40)
R-1,,.
=max— ()" = (' =2) = ¢- [z Lopa
AV (A, 420) AV (A 420)
—1 a0 s A ’ = ’ A ) _
+RE i i )\+A7A’ (1-=2X)
(c)
-1
v(z,(é):m:}xRa )= —2)—¢- [z 1z
Z/ Z/ 7
+RIME [v (,0)} + R (1-XM)E [v ( 1)
v v _
@ R A |
o W L S S P (A A Bt P
et ae o)) el o)

(e) If the firm decides to adjust when ¢ = 1:

v(z)=00-f) 2+

%%X{Ra; ()% =2/ + R \E {v (fyo)] + R (1= X)9E {v (i 1)} }

Computing the FOC also gives

wa-1__ R A (2 1—A (2"

So z* and Z are the same.

(f) Since A = 1, we only need to consider the ¢ = 0 event:

R-1

Loz o (220)

v(z,0) = max —
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From part (d)
R 1 Z
~a—1:7_7E / -~
=gt (G0)

Also compute the envelope condition
v (2,0) =1

Plug this into the FOC
z=1

With A = 0, firm only invests when outside of inaction region. The investment rates could be either zero
or take two values z* — Z and z* — z. The distribution of investment rates will look bimodal with a spike
of mass at 0.

With A\ € (0,1), there are again two peaks in the distribution of investment rates at z* — z and z* — z
(the values of z and Z will vary with A though). In addition, there will be a smaller mass of investment
rates around 0; these latter investment rates represent the firms that drew ¢ = 0 and are able to invest
without paying the fixed cost.

As \ — 1, distribution of investment will mirror the distribution of productivity shocks.
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